Abstract In the framework of the Hamiltonian of mean force, internal energy, free energy and entropy of a dissipative scalar field are obtained.
Caldeira and Leggett proposed a prototype model of a heat bath or reservoir consisting of a collection of non-interacting harmonic oscillators with different mass and frequencies coupled to the main system [7, 8, 9] . Starting from a Lagrangian based on the Caldeira-Leggett model one can study the quantum dynamics of a dissipative system by different methods like path integral techniques [10, 11] , canonical quantization [12] and phenomenological methods [13] . The choice of a particular method to quantize an open quantum system depends on the physical properties of the environment of the main system. These physical properties are are considered as boundary conditions imposed on the dynamical variables describing the system.
The main purpose of the present article is to investigate the thermal equilibrium properties of a dissipative scalar field in the framework of mean force Hamiltonian. In this scheme, the thermodynamic equilibrium free energy of the main system is defined as the difference between the free energy of the whole system and free energy of just environment [14] . The Hamiltonian of mean force is in fact an effective Hamiltonian to describe the equilibrium properties of the main system [15] . Here we first quantize a scalar field in the presence of a medium or reservoir linearly coupled to it by modeling the environment as a continuum of non-interacting harmonic oscillators. Then the total system is quantized in the framework of canonical quantization and the total Hamiltonian is diagonalized using Fano technique [16] . In the following the memory function or susceptibility function is defined in terms of the reservoir Green's function and coupling function obeying Kramers-Kronig relations [17] . By making use of the Hamiltonian of the mean force, the thermal-energy, free energy and entropy of the scalar field are calculated. Finally, having the Hamiltonian diagonalized, coherent states of the total system are defined and correlation functions and expectation values of the relevant dynamical variables are obtained.
The total Lagrangian
The Lagrangian density of a real massive scalar field φ(x, t) in 3 + 1-dimensional space-time, interacting with an environment modeled by a real scalar field Yω(x, t), is
The first term Ls is the Lagrangian density of the main system
the second term, is the Lagrangian density of the reservoir or heat bath consisting of a continuum of harmonic oscillators known as Hopfield model [18] ,
and the last term is the interaction between the scalar field and its reservoir
where the scalar field is coupled to the reservoir linearly and f (ω) is the coupling function between them. For simplicity we work in the reciprocal space and write the fields in terms of their spatial Fourier transforms. The range of the variable k in the reciprocal space is restricted to the half space [19] , thus in the reciprocal half space the Lagrangian of the system can be written as
where
and X * ω (k, t) = Xω(−k, t). We can obtain the classical equations of motion simply from Euler-Lagrange equations. For Xω(k, t), φ(k, t) we find
The formal solution of the equation (9) is (10) the first term is the solution of the homogeneous equation and after quantization plays the role of a quantum noise operator, the second term is the particular solution given by the Green's function of the scalar field
where Θ(t) is the Heaviside step function. The dimensionless memory or response function χ(t) is defined by
The real and imaginary parts of Fourier transform of response functionχ k (ω) satisfy Kramers-Kronig relations. From definition (12) and making use of inverse sine transform, one finds
So for a given susceptibility function, one can adjust coupling function according to (13) . From (12), we find
}, (14) where P means principal value. Now by substituting (10) into (8), a classical Langevin equation is obtained for the main oscillator
is the classical noise force.
Quantization and dynamics
To quantize the total system canonically we need the conjugate momenta to impose equal-time quantization rules on them. From Lagrangian defined in the previous section we find the conjugate momenta in half k-space as
The equal-time quantization rules are
and all other equal-time commutation relations are zero. Having the Lagrangian and conjugate momenta we can find the corresponding Hamiltonian as
In Heisenberg picture, one finds the equations of motion as operator analogs of classical equations of motion (8, 9) . To have a better understanding of the quantum dynamics of the system and also the subsystems, we diagonalize the Hamiltonian using Fano diagonalization technique. For this purpose, we assumê
that is the total Hamiltonian is assumed to be a continuum of uncoupled harmonic oscillators with creation and annihilation operatorsĈ † andĈ, respectively. These ladder operators satisfy bosonic commutation relations
The time-evolution of the annihilation and creation operators can be determined from Heisenberg equations using Hamiltonian (22)
Generally, the annihilation operatorĈ, can be considered a linear combination of the original dynamical degrees of freedom
To determine the coefficients f i , Fano's diagonalization procedure is applied [16] , where commutator [Ĉ(k, ω), H] is evaluated and the result is equaled to ωĈ(k, ω).
Comparing the contributions involving the various canonical operators we will find (ω
Equations (26, 27) are similar to Eqs. (8, 9) in frequency domain, so using (10), the general solution of these equations can be written as
where the Green's function G is defined by the inverse of the Λ, (G = Λ −1 )
and h 2 is the solution of
The explicit form of the function h 4 (ω) can be determined from the commutation relations (23) and (28) as
The consistency of the diagonalization process leads to the following choice of h 2 (ω)
The set of coefficients of the diagonalizing transformation is now determined by Eqs. (28), (30), (33) and (34). The canonical operators in terms of the annihilation and creation operators can also be written in frequency domain. We havê
andŶ
(37)
Thermal equilibrium
Having diagonalized Hamiltonian, now we proceed and find the thermal equilibrium expectation values of the internal energy and free energy of the main system in the framework of Hamiltonian of mean force. In global thermal equilibrium, we have
where N (ω) = exp( ω/K B T ) − 1. Using Eq.(38) and straightforward calculations, the symmetric thermal correlation functions of φ(r, t) are found as
The frequency-domain correlation functions φ
so for the symmetric field correlation function we find
and similarly for symmetric momentum correlation function
Having the explicit forms of the fields we can now find the thermal expectation values of the reservoir and interaction term as
and
Hamiltonian of mean force
Consider the total Hamiltonian of the system plus reservoir aŝ
whereĤ I is the interaction term and Hs are H R are Hamiltonian of system and reservoir respectively. The density operator of the total system is defined by
where Z = tr{exp(−βH)} is the the total partition function. The reduced density operator is given by ρs = tr R {ρ} and when the interaction term is negligible the reduced density operator is given by
with Zs = tr S {exp(−βH S )}. When the coupling between the system and its environment is not negligible then the reduced density matrix can not be written as (48) but generically can be written as
where the Hamiltonian of mean force or effective Hamiltonian is given bŷ
is the partition function of the reservoir. The partition function Z * associated with the Hamiltonian of mean forceĤ * is defined by
From (51) we define the free energy of mean force as
where U and S are internal energy and entropy of total system. Now we can define the internal energy of mean force as
Free energy and entropy
The free energy of mean force can be obtained from
now using the standard thermodynamic relation, S * = −∂ T F * , the entropy of mean force is obtained as
Coherent states
In contrast to a thermal state which is a statistical mixture of bosons, a coherent state |C(ω) , also called a Glauber state [20] , is the nearest state to classical behaviour. Coherent states can be defined as the eigenstates of the annihilation
which is the standard definition of coherent states, the reader can consult [?] for other equivalent definitions. Basic coherent state expectation values are
For the expectation value of the normal-modeφ(k, ω), and its canonical conjugatê π(k, ω) we find
C(k, ω)|π(k, ω) |C(k, ω) = −i2π
It follows from (57), (58) and (59) that the coherent auto-correlation function of φ(r, t) can be written as φ (r, t)φ(r
and for the conjugate field π(r, t)π(r ′ , t
6 Conclusion
Starting from a Lagrangian, quantum dynamics of a dissipative scalar field was investigated in the frame work of Huttner-Barnett model. The Hamiltonian was derived and diagonalized using Fano diagonalization technique. The memory function or susceptibility of the system was defined in terms of the reservoir Green's function ant the coupling function between the system and its environment. In the framework of the Hamiltonian of mean force and in thermal equilibrium, internal energy, free energy and entropy of the scalar field were obtained. Correlation functions in thermal and coherent states were found.
